In this study, the numerical solution for the Modified Equal Width Wave (MEW) equation is presented using Fourier spectral method that use to discretize the space variable and Leap-frog method scheme for time dependence. Test problems including the single soliton wave motion, interaction of two solitary waves and interaction of three solitary waves will use to validate the proposed method. The three invariants of the motion are evaluated to determine the conservation properties of the generated scheme. Finally, a Maxwellian initial condition pulse is then studied. The L2 and L∞ error norms are computed to study the accuracy and the simplicity of the presented method.
Introduction
Discretization using finite differences in time and spectral methods in space has proved to be very useful in solving numerically non-linear Partial Differential Equations (PDEs) describing wave propagation. The Korteweg de Vries (KdV) equation is one famous example to which such combined schemes have been applied efficiently to analyze efficiently unidirectional solitary wave propagation in one dimension [1] - [3] . In [4] [5] the combination of spectral methods and finite differences is applied to well-known nonlinear PDE of the Boussinesq type which admits bidirectional wave propagation, has closed form solitary wave solutions and like the KdV is completely integrable in one space dimension. Also, the combination of spectral methods and leap frog is applied to the Regularized Long Wave (RLW) equation [6] . In this paper, a combination of spectral method and leap frog is applied to the modified equal width wave equation. The modified equal width wave equation based upon the Equal Width Wave (EW) equation [7] [8] which was suggested by Morrison et al. [9] is used as a model partial differential equation for the simulation of one-dimensional wave propagation in nonlinear media with dispersion processes. This equation is related with the Modified Regularized Long Wave (MRLW) equation [10] and modified Korteweg-de Vries (MKdV) equation [11] . All the modified equations are nonlinear wave equations with cubic nonlinearities and all of them have solitary wave solutions, which are wave packets or pulses. These waves propagate in non-linear media by keeping wave forms and velocity even after interaction occurs. Few analytical solutions of the MEW equation are known. Thus numerical solutions of the MEW equation can be important and comparison between analytic solutions can be made. Geyikli and Battal Gazi Karakoc, [12] [13] solved the MEW equation by a collocation method using septic B-spline finite elements and using a Petrov-Galerkin finite element method with weight functions quadratic and element shape functions which are cubic B-splines. Esen applied a lumped Galerkin method based on quadratic B-spline finite elements which have been used for solving the EW and MEW equations [14] [15] . Saka proposed algorithms for the numerical solution of the MEW equation using quintic B-spline collocation method [16] . Zaki considered the solitary wave interactions for the MEW equation by collocation method using quintic B-spline finite elements [17] and obtained the numerical solution of the EW equation by using least-squares method [18] . Wazwaz investigated the MEW equation and two of its variants by the tanh and the sine-cosine methods [19] . A solution based on a collocation method incorporated cubic B-splines is investigated by and Saka and Dag [20] . Variational iteration method is introduced to solve the MEW equation by Lu [21] . Evans and Raslan [22] studied the generalized EW equation by using collocation method based on quadratic B-splines to obtain the numerical solutions of a single solitary waves and the birth of solitons. Hamdi et al. [23] derived exact solitary wave solutions of the generalized EW equation using Maple software. Esen and Kutluay studied a linearized implicit finite difference method in solving the MEW equation [24] . Karakoç and Geyikli [25] solved the MEW equation numerically by a lumped Galerkin method using cubic B-spline finite elements. The modified equal width wave equation has the normalized form [9] 2 3 0,
where μ is a positive parameter and the subscripts x and t denote differentiation, when solved analytically, within an infinite region with physical boundary conditions 0 U → as x → ∞ . In this study, boundary conditions are chosen from
and the initial condition
where ( ) f x is a localized disturbance inside the considered interval. We investigate the numerical solution of the MEW equation using the Fourier Leap-Frog methods. The proposed method is validated by studying the motion of a single solitary wave, development of interaction of two positive solitary waves and development of three positive solitary waves interaction for the MEW Equation (1).
Analysis the Proposed Method
For the numerical treatment, the spatial variable x of Equation (1) is restricted over an interval a x b ≤ ≤ . In this study, consider the MEW Equation (1) with the boundary conditions in Equation (2) . A numerical method is developed for the periodic initial value problem in which U is a prescribed function of x at t = 0 and the solution is periodic in x outside a basic interval a x b ≤ ≤ . For most of the problems considered, interval may be chosen large enough so the boundaries do not affect the wave interactions being studied. Equation (1) can be written as 2 
3
, 
( ) , U x t is transformed into Fourier space with respect to x, and derivatives (or other operators) with respect to x. This operation can be done with the Fast Fourier transform (FFT). Applying the inverse Fourier transform
∂  with n = 1 and n = 2. The Equations (6) and (7) become
In practice, we need to discretize Equations (6) and (7). For any integer N > 0, consider 2π
, U x t be the solution of Equations (8) and (9) . Then, we transform it into the discrete Fourier space as
From this, using the inversion formula, we get
, , e , 0 1.
Replacing F and 1 F − by their discrete counterparts, and discretizing Equations (8) and (9) give
Equation (13) can be written in the vector form
where G(U) defines the right hand side of Equation (13).
Fourier Leap-Frog Method for MEW Equation
A time integration known as a Leap-Frog method (a two-step scheme) is given as
Use the Leap-Frog scheme to advance in time, we obtain ( )
, , 2 V x t t V x t t tG U t + ∆ = − ∆ + ∆ . This is called the Fourier-Leap-Frog (FLF) scheme for the MEW Equation (14) . FLF method needs two levels of initial data, we begin with
Then evaluate second level of initial solution ( )
∆ by using a higher-order one-step method, for example, a fourth-order Runge-Kutta method (RK4).
( ) ,0 ,0
∆ Thus, the time discretization for Equation (13) is given as
We substitute V(x, 0) and U(x, Δt) in Equation (19) to evaluate V(x, 2Δt) then substitute V(x, 2Δt) in Equation (18) to evaluate U(x, 2Δt), so we have V(x, Δt) and U(x, 2Δt), substitute in Equation (19) to evaluate V(x, 3Δt) and evaluate U(x, 3Δt) from Equation (18) and so on, until we evaluate U(x, t) at time t = nΔt.
Cases Study and Results
In order to show how good the numerical solutions are in comparison with the exact ones, L 2 and L ∞ error norms will be computed by , max .
The conservation properties of the MEW equation will be examined by calculating the following three invariants, given as [17] which respectively correspond to mass, momentum, and energy
For the computation of U x in Equation (21), we used Fourier transform. To implement the performance of the method, three test problems will be considered: the motion of a single solitary wave, development of two positive solitary waves interaction, development of three positive solitary wave interaction.
The Motion of Single Solitary Wave
Consider Equation (1) with the boundary 0 U → as x → ± ∞ and initial condition
This problem has a solitary wave solution of the form 
For the numerical simulation of the motion of a single solitary wave, the parameters Δx = 0.1, Δt = 0.001, μ = 1, x 0 = 30, N = 2048 and A = 0.25 are chosen. The analytical values for the invariants are C 1 = 0.7853982, C 2 = 0.1666667, and C 3 = 0.0052083. As it is seen from Table 1, the invariants C 1 and C 3 remain almost constant during the computer run at times t = 0 to t = 100 (changes of the invariants C 1 and C 3 approach zero), where C 2 changes from its initial value by less than 1 × 10
. The error norms L 2 and L ∞ at different various times are shown in Table 1 . It is shown that the numerical values very close to the exact values. Figure 1(a) shows that the proposed method performs the motion of propagation of a solitary wave satisfactorily, which moved to the right at a constant speed and preserved its amplitude and shape with increasing time as expected. Amplitude is 0.25 at t = 0 which is located at x = 30, while it is 0.249985 at t = 20 which is located at x = 30.6149. The absolute difference in amplitudes at times t = 0 and t = 20 is only 1.5 × 10 −5 . Error distribution at time t = 20 is drawn in Figure 1(b) , from which it can be seen that maximum errors happened just around the peak position of the solitary wave. Table 2 Table 2 . 
Interaction of Two Solitary Waves
The initial condition given by the linear sum of two separate solitary waves of various amplitudes (
, 0 sec , Figure 3 shows the development of the solitary wave interaction. As is seen from Figure 3 , at t = 0 a wave with the negative amplitude is on the left of another wave with the positive amplitude. The larger wave with the negative amplitude catches up with the smaller one with the positive amplitude as the time increases. At t = 55, the amplitude of the smaller wave is at the point 0.9741792 at the point 52.5064095 whereas the amplitude of the larger one is −2.0014682 at the point 123.6150897326334 It is found that the absolute difference in amplitudes is 0.025820781 for the smaller wave and 0.00146821 for the larger wave. The analytical invariants can be found as C 1 = −3.1415927, C 2 = 13.3333333 and C 2 = 22.6666667. It can be seen in Table 3 that the values obtained for the invariants are satisfactorily constant during the computer run.
Interaction of Three Solitary Waves
Interaction of three solitary waves is studied by considering Equation (1) 
The Maxwellian Initial Condition
We consider here is the numerical solution of the Equation (1) 
with the boundary conditions ( ) ( ) ( ) ( ) 20, 20, 20, 20 , 0
As it is known, Maxwellian initial condition the behavior of the solution depends on the values of µ. Table 5 . It can be seen in Table 4 that the values obtained for the invariants are satisfactorily constant during the computer run.
Conclusion
The Fourier Leap Frog method has been successfully applied to obtain the numerical solution of the modified equal width wave equation. Four test problems are worked out to examine the performance of the used method. are satisfactorily constant in computer run in all cases. The obtained results show that the present method is a remarkably successful numerical method and can also be efficiently applied to other types of non-linear problems.
